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2.4 Autoregressive processes: The lag operator

Readers who are acquainted with textbooks on discrete-time stochastic processes
should have some knowledge of the backward shift, or lag oper8tdoften de-

noted byL), polynomials inB, such asi(B) = 1 —a; B —a,B* —--- — apB?,

and algebraic manipulation of such polynomials. They should also have encoun-
tered statements on thavertibility of a polynomial in B, and expressions like
a(B)~'u,, which is the stationary solution of the equatiotB)x; = u,, the latter

being the reformulation of equation (2.8). In the present section we review some
basic facts on the operatd, polynomials inB as well as more general functions

of the operatoB. The results obtained in Section 2.3 on the stationary solutions of
autoregressive equations will be reobtained here as special cases of more general
theorems.

2.4.1 Definition of the lag operator

In Section (1.1) we have defined a stochastic processfamiy of processes pa-
rameterized on the set of integers. As clarified there (see p. 3) “family” is used
as a synonym of “function”, so that, given the process= {x;, ¢t € Z}, i.e. the
functiont — x;, the familyy = {x,_, ¢t € Z}, i.e. the functionr — x,_;,isa
different process.

Definition 2.4 ( FIRST DEFINITION OF THE LAG OPERATOR LetS be the vector
space whose elements are all the stochastic processes defined on the probability
space(£2, F, P), i.e. all the familiegx;, ¢ € Z} wherex, is a stochastic variable
on($2, F, P), with the sum of the processés;, ¢ € Z} and{y,, ¢ € Z}, and the
product of{x;, ¢ € Z} by the complex number, being defined a§x; + y;, t € Z}
and{cx;, t € Z} respectively. Then define the m&: S — S in the following
way:

B{x;, t €Z}={x;—1,t €Z}.

It should be pointed out thd& maps processes to processes—in the same way
as the derivative operator maps functions to functions—not stochastic variables to
stochastic variables.

Obviously B is linear. It is also easily seen th& is invertible, with B~!
being the linear map, which is defined in the following wayF {x;, t € Z} =
{x;41, t € Z}. As a useful exercise the reader can give the definitidi’®6for any
integerm # 0. Then, denoting by 1 the identity operator SndefineB® = 1. The
sumaB® + bB” is obviously defined byaB* + bB”[{x;, t € Z} = aB*{x;, t €
Z} + bB"{x;, t € Z} = {ax;—s + bx;—,, t € Z}, so that, given the polynomial
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operatorc(B) = co + ¢1B + -+ + ¢, B?, we have
c(B){xs, t € Z} = {coxs + c1Xi—1 + -+ CpXs—p, t EL}.
Lastly, the autoregressive equations (2.8) and (2.9) can be rewritten as
aB){x;, t €Z}y ={u;, t €Zy and a(B){x;, t€Z} =0

respectively, where(B) = 1 —a;B — a;B? —---— a,BP.
Now consider for example the caséB) = 1 — B, b # 0. Independently of
the value of, as we have seen in Section 2.3, there exist infinitely many processes
in S, namely{4b’, t € Z} whereA is any stochastic variable di®2, F, P), which
are mapped to zero dy-hB. Thereforel —bHB is not invertible. On the other hand,
by restricting the domain oB to a subspace af, as we do in the next definition,
1 — bB becomes invertible fofb| # 1 and the stationary solution of the equation
can be expressed 85— bHB) " u,, t € Z}.

Definition 2.5 (SECOND DEFINITION OF THE LAG OPERATOR Given the white
noise processu;, t € 7}, let M* be the vector subspace 8fwhose elements
are the moving averages of. Quite obviouslyB maps moving averages of;
to moving averages af,, thus M¥ into M*. DefineB, : M* — MH" as the
restriction ofB to M¥.

In M*, the autoregressive equation (2.8) can be rewritten as
a(By){x:, t € Z} ={uys, t €L}, (2.47)

a solution being a member d{1“, i.e. a moving average; = > pe_ o brtts—k,

t € Z. As we have seen in Section 2.3, solving (2.47) is equivalent to finding a
square summable solutidhy, k € Z} of equation (2.40), which is reported here
for ease of the reader

Ofork #0

2.40
1fork = 0. ( )

bk —albk_l —---—apbk_l, = {
In Section 2.3 we have given the condition for the existence of a solution of (2.40),
and shown that the solution, if existent, is unique; see Proposition 2.7. In the
present section we show, with a more general and powerful method, that solving
(2.40) is equivalent to inverting the magg B,,) : M* — M,

Invertibility of a(B,) does not contradict the observation above lon 5B.

Indeed, if a moving average;, = > 7o _. bxu;— is @ non-trivial solutions of
(1 =bBy){xs, t € Z} = 0, then

by —bbyg_; =0.

—00
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But the solutions of this equation are all of the forby = Ch*, which is not
square summable unle€s= 0. More in general, itz(B,){x;, t € Z} = 0 had a
non-trivial solution in M, i.e. a moving average; = Y pe_ o bktis—k, then

bk — albk_l — = apbk_p = 0.
But a solutions of this equation cannot be square summable, ulyesso for all

k (see Proposition 2.5 (iii)).

Observation 2.8 Of course the argument above proves that (2.40) cannot have
more than one square summable solution, i.e. that equation (2.47) cannot have
more than one solution iM*. (This is nothing other than the argument used to
prove the uniqueness in proposition 2.7.)

Before we set out to study invertibility of polynomials iB,,, let us further
simplify our framework and notation by defining the lag operatoHH.

Definition 2.6 (THIRD DEFINITION OF THE LAG OPERATOR Let x € H* with
representation = > 72 a,xu—_i. Define the map, : H* — H" as

—00
o0 o0

Byx = Z AxjU—f—1 = Z Ax k—1U—-

k=—00 k=—00

Because the coefficients,;, are uniquely determined:{ is an orthogonal
sequence), Definition 2.6 is unambiguous. In particulyu; = u,—; and, if

Vi =Y oo bk,

oo oo
Buyi= Y brts gy = Y brug-iy-k = yi-1:

k=—00 k=—00

As we have seen on p. 49, the map: M* — H", associatingcy with
the moving averagéx,;, ¢ € Z}, is one-to-one and onto, this meaning that each
element of H* is the image of one and only one element/af. Moreover,

BuN{x;, t € Z} = Buyxg = x_1 = N{x;_1. t € Z} = NL,{x;, € Z},
forall {x;, 1 € Z} € M", thatisB, = NB,N~! and, more in general,
BS = NBSN7'.
As a consequence, {fy;, ¢ € Z} solves (2.47), then

a(Bu)yo = Na(B,)N ' yo = Na(Bu){y:, t € Z} = N{uy, t € Z} = uy.
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On the other hand, if = > 7 ayku—r € H" solves

—00
a(Bu)x = uo. (2.48)

then the moving average, = > 7 _ aykUs—k, t € Z, Solves (2.47) (the reader
is urged to check the details). Thus there is a one to one correspondence between
moving averages that solve (2.47) and element& tfthat solve (2.48).

The correspondence between (2.47) and (2.48) can also be seenin a very simple
way. Indeed, both equations are equivalent to equation (2.40). The reason for the
long and perhaps a little pedantic argument above is that | want to underline that
H" is a space of stochastic variables, not processes. This having been made clear
enough, equation (2.48) can now be seen as one out of an infinity of equations in
H*", one for each,

a(By)x; = uy, (2.49)

all being equivalent to (2.40). As a consequence, if (2.40) has the unique solution
{br, k € Z}, then the solutions of all equations (2.49) have the ‘same coefficients’,
more preciselyy: = > pe_o brus—k, the family {y;, ¢ € Z} being therefore
a moving average. As anticipated, this result will be obtained below by inverting
a(éu), so that the solution of (2.49) will be written g§ = a(éu)_lu,.

In conclusion, problems (2.47) and (2.49) are equivalent. We will concentrate
on (2.49) and therefore oA“ and B,. As no confusion can arise, we will use
instead ofB,,, and therefore rewrite (2.49) as

a(B)xy = uy. (2.50)

Observation 2.9 At the risk of being tedious, let me stress that= Ab’, where
A € H*,isnota solution of the equatiofil — bB)x; = 0, in H*. Indeed, using
Definition 2.6, B(4b") is notequal to4b'~!. Rather, ifA = Y 22 cxu_g, We

haveB(Ab") = b' Y 72 _ . ck—1u—k, Sothat(l — bB)y; = 0 is equivalent to

Z (ck — beg—1u— =0,

k=—00

i.e.cp — ber_; = 0, for which no square summable solution exists.

2.4.2 B as an operator on the Hilbert spat#. Functions ofB

Obviously the mapB : H* — H*" is linear, that isB(ax + by) = aBx +
bBy. Moreover,(Bx) - (By) = x - y, so that| Bx|| = ||x||. This implies that if
lim,—c0 X, = x thenBx, — Lx, i.e. B is continuous. A map of a Hilbert space
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into itself which is linear and continuous is callediaear operator, or, briefly, an
operator. Thus deserves the label ‘lag operator’. Becay#e) - (By) = x - y,
B is called aunitary operator.

If A1 andA, are operators of/*, their product4 4,, defined by(4; 4,)x =
Aq1(A,x), is linear and continuous, thus an operator. The definitioa®f with
n a positive integer, is obtained recursively froml = 4 and A" = 44",
Denoting by 1 the identity operator, which mapsto x for all x € H*, we set
A% = 1. Given 4, if there exists an operataf such thatdC = CA4 = 1, then
A is invertible. If AC = CA = 1 andAC; = C14 = 1, thenC = 1C =
(C14)C = C1(AC) = C (the associative property for the product of operators is
obvious). In other words, if an inverse exists it is unique. We denote by .
(On the basic notions about the algebra of operators on Hilbert spaces see e.g. [8],
Sections 19 and 20.)

Observation 2.10 The reader acquainted with linear algebra on finite-dimensional
vector spaces may be surprised by the definition of an operator as a #indar
continuous map. Obviously, a linear map whose domain is a finite-dimensional
vector space is continuous, but this is not necessarily the case when the space is
infinite dimensional. An example of a linear non-continuous map can be found in
[10], pp. 24 and 204.

Observation 2.11 If a linear operator4 on a finite-dimensional vector space is
one-to-one, that is idx = Ay impliesx = y, then4 is onto and is invertible,
the inverse being linear and continuous. This is not true for infinite-dimensional
spaces. Consider for example: H* — H" defined as

0o 0o
Ax = A Z AxlU_| = Z Ax U2 -

k=—00 k=—00

In this case4 is one-to-one but is not onto and therefore is not invertible. However,
if 4 islinear, continuous, one-to-one and onto, so that a set-theoretic inverse exists,
then the inverse is continuous; see [10], pp. 27 and 205.

Trivially B is one-to-one and onto, and the mApdefined as

o o
Fx = Z AxkU—f+1 = Z Ax k+1U—k,

k=—o00 k=—o00

is continuous, thus an operator, and has the propertyflkat = BFx = x for all
x € H%,sothatF = B! andB = F~ 1.
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An important family of maps is obtained by taking “functions 8f. Consider
the subset ofH* whose members afaite linear combinations of tha's, i.e. all
vectorsx such that, for some integet, a,; = 0 for |k| > m. We denote this
subset byH*. H" is a vector subspace @f*, which is not closed but is dense in
H",

Exercise 2.10 Prove that every vector aff“ is the limit of a sequence of vectors
belonging toH* (quite obvious), thus7* is dense inH*. But, trivially, /* does
not coincide withH*, so that the statement in the text is proved. Incidentally, the
spaceH" is isomorphic td2(—oo, 00), see (2.5), with the definition of the malp,
while the subspacﬁ” is isomorphic to the subspaée, defined in Exercise 1.11.

Now, given any square summable sequehce {b;, k € Z} define the map
b(B) : H* — H" in the following way:

b(B)x = lim > b(B x) = ) be(B*x).

k=—s k=—00

This definition obviously makes sensexif= uy:

b(B)uy = Z brup—k,

k=—00

convergence being a consequence of square summability of the sequerige
general, ifx = >} aypu_p, itis very easy to see that

b(B)x: Z Axp Z bk“—h—k-

h=—m k=—00

Obviouslyh(B) is linear. We denote byl(B) the set of maps just defined.

Observation 2.12 It is very important to remark that ify;, ¢ € Z} is a moving
average ofi;, y; € HY, andb(B) € A(B), then{h(B)y;.t € Z} is a moving
average ofu,. Conversely, if4 : H* — H" is linear and{Au;, t € Z}is a
moving average of;, thenA4 € A(B). The details are left to the reader.

Observation 2.13 The maps of4(B) can be used to simplify notation. Instead of
X =) pe_oodxil—g andx; = > P2 apu,_j We can write

x =ax(B)ug, x; =a(B)uy,

respectively, the meaning af, (B) anda(B) being obvious.
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Now define3(B) as the subset ofl( B) containing allboundednaps, i.e. the
mapsb (B) such that

sup [|b(B)x|| = Cp < o0.

xeHY, ||x||=1
Itis very easy to prove that #(B) is bounded then
[1b(B)x|| < Cpllx]| (2.51)

forall x € H*.
Now leth(B) € B(B) andx € H", withx = > 3o _ . axri—_i. Obviously,
m
X =l 2 dxetiei = fm i
=—m

xm denoting then-th partial sum. Using (2.51),
[16(B)xm — b(B)xul| = ||b(B)(xm — xn)|| < Cpl|xm — xull,

so that convergence af,, implies thath (B)x,, is a Cauchy sequence and therefore
convergent. We define, for e H%,

b(B)x = |i_r)n b(B)xm,

in this way extending the domain of the mégB) to the wholeH*. The reader
will easily see thab(B), so extended, is linear, that

sup  [[b(B)x]| = Cp,

xeHu, ||x||=1

and that (2.51) holds for alt € H*. A linear mapA4 on a Hilbert space that is
bounded, i.e. such that sliplx|| = C4 < oo for ||x|| = 1, is continuous and
therefore an operator. For, jf, — y then

[|Ayn — AVl < Cqllyn — yI| = 0.

In conclusion, the maps belonging 8 B) can be extended to operators &f.
With a slightinaccuracy we denote by B) both the map with domain of/* and
its extension, and say th&{( B) is a set of operators off“.
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Example 2.7 A LINEAR MAP NOT BELONGING TO A(B). The map which lin-
early extends;, — u_g, i.e.

o0 o0
Y axktik — Y, axki_iik

k=—00 k=—00

is an operator omd* (quite obvious) but does not belong t4(B). Indeed, the
process{u;, t € Z} is not mapped on a moving averageugf (see Observation
2.12).

Example 2.8 MAPS BELONGING TO.A(B) BUT NOT TO B(B). Assume thaby
is real and non-negative, that = 0 for k < 0, thatd_ 2, bx = +oo and that

Y020 1bk|? < oo. For example, také;, = T for k > 0 (see Exercise 1.5).

Setting
1

ou/n

so that||x,|| = 1, we have:

Xp = (o +u—y + - t_pq1),

b(B)x, = f[bouo+(bo+bl)u 144+ bo+by 4+ by—u—pt1]+--
Thus

2 l 2 2 2
[1b(B)xnll* > n[bo + (1 +b)" 44 (bo+ by + -+ b_yi1)]

1
= ;(C() +C1 +"'+Cn—1)a

wherec, = Zﬁ’;(l, b2. Becausey, is a non decreasing diverging sequence, given
M > 0 there exists an integer,, such that ifs > ns thenc, > M + 1. For
n>np,

n—np —2

1n—1 1 M n—np —2 (C +1+"'+C_1)
~(2_ ) :_(ZCJ’)"‘ - s
nj:() n n

>— M +1

> Zc, . nIMM 2 )

Thus, givenM > 0, we can findz such that|b(B)x,||?> > M, this implying that
b(B) is not bounded.
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Example 2.9 ABSOLUTELY CONVERGENT SEQUENCESAssume that the sequence
{br, k € Z} is absolutely convergent, i.e. that

o
Z |b| < o0.
k=—00
This implies that)_ b, and}_ |b;|* are both convergent. By definition,if € H",
m
— i k
b(B)x = lim_ > br(B*x).
k=—m
Assuming that|x|| = 1, by the triangular inequality, and becauBes unitary,

< > bkl

k=—m

> br(BFx)

k=—m

Thus||b(B)x|| < Y 7 _o bk < oo, so thath(B) is bounded. In Section 2.4.3
we show that absolute convergence of the sequénceéhough sufficient, is not
necessary fob(B) € B(L). Of course absolutely convergent operators include
finite sums

m
Z kak =a_uB™""+ - -+ag+-amB" =a_p, F"+---+ag+---a;,; B™

k=—m

and, in particular, polynomials i®® or F.

Let us now list some basic facts on the maps4§fB) and5(B), further anal-
ysis being postponed to Section 2.4.3.

FacT 1. If a(B) andb(B) belong to.A(B) and correspond, respectively, to the
sequence$ay, k € Z} and{b;, k € Z}, the mapu(B) + b(B) belongs taA(B)
and corresponds to the sequerag + by, k € Z}. If a(B) andb(B) belong to
B(B), thena(B) + b(B) belongs ta3(B) (from the definition of boundedness and
the triangular inequality).

FACT 2. If a = {ay, k € Z} andb = {by, k € Z} belong to/?(—o0, c0) the
convolutionof ¢ and b, denoted bya * b, is, by definition, the sequence =
{ck, k € Z}, with

oo

Cp = Z akbh_k.

k=—00
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Note thatcy, is the inner product of the two square summable sequences

a_q dg dip
bpy1 by bpy

and is therefore finite. However, the sequence- {c;, k € Z} is not neces-
sarily square summable (examples in Section 2.4.3). The convolution operation is
commutativea x b = b x a.

Now, if a(B) € A(B) and

b(B)= > biB*,

k=—m

then the map (L)a(B) : H" — H" (b(B) can be extended to the wholé")
belongs taA(B). Settingc(B) = b(B)a(B), the sequence correspondmg:(cB)
is the convolution ofb anda. Moreover, becausk(B) mapsH” into H“, the
mapa(B)b(B) makes sense and is equabt@B)a(B). If a(B)b(B)ug = ug, then
a(B) = (b(B))~!. This s left to the reader as an exercise.

FAacT 3. If a(B) andb(B) belong to3( B), thena(B)b(B) belong toB(B). Setting
¢(B) = b(B)a(B), the sequence corresponding-{d®) is the convolution ob and
a. Moreover,b(B)a(B) = a(B)b(B). This will be proved in Section 2.4.3.

Sometimes we may find useful the following representation:

b(B)= > biB~.

k=—00

Since we have not defined convergence for operatoid ¥rthe right hand side can
only be justified as an heuristically convenient expression. In particular, the product
of a(B) andb(B) can be thought of as the multiplication of ‘infinite polynomials’,
the operation consisting in taking all possible products and regrouping according
to the exponent ofB, just like in the elementary finite-polynomial case. This is
precisely what convolution does. It should be kept in mind however that infinite
polynomial multiplication can be carried out within the limits established in Facts
2 and 3 (further clarification in Section 2.4.3).

Exercise 2.11 Prove thatl —hB, with |b| # 1, is invertible and thatl —»B)~! =
1 +bB+b*B%>+... for|b| <1,and(1 —bB) ' = b~ 'F+b"2F%> ..., for
|b| > 1. Use Fact 2 and compare with Proposition 2.4.
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In Section 2.4.3 we characterize the operator8@) and invertible operators
of B(B). Moreover, we discuss the following generalization of the autoregressive
equation:
a(B)x; = b(B)uy, (2.52)

wherea(B) andb(B) belong to.A(B). To do so we will exploit an isomorphism
betweenH* and L2([—x, ]).

2.4.3 FromH" to L*([—m, m])

Consider the spack?([—n ]) (see Definition 1.4) and the functiome L2([—x 7])
defined as

g(8) = 7.
Defininggk by gk (9) = [9(0)]* = ¢7%?, we have:

o' =gt () =g

Moreover, for the inner product betwegh andg” we have

k.gh = ffﬂ e~ ik0 ,—ihb g — ffﬂ e~ ik0,ihd g
[T emik=hgqp
= [" cos[(k—h)0ld0 —i [™_sin(k — h)6]d6

0 ifk #h
2rif k= h

g

Thus{gF, k € Z} is an orthogonal family whose members have all the same mod-
ulus +/27. Now consider/¢ = Sp(gF, k € Z). Orthogonality of the functiong
implies that if f € H€ then

oo

f: Z afkgk (2.53)

k=—00

(mean square convergence), where

A AR O iko
arr = ||gk||2 = . . f(9)€ do. (2.54)

The Hilbert spaceH ¢ is ‘naturally’ related to the spacH" by the map

®: H" — H®,



2.4. AUTOREGRESSIVE PROCESSES: THE LAG OPERATOR 81

defined in the following way. Ifv = Y72 axku—g, then

00 0_2 00
001 =0 ( 3 vt = [ ¥ ot
k=—00

k=—00

2
In particular,®(u,) = 1/ g—j”rg". The mapd is an isomorphism betweel" and
He¢, i.e. itis one-to-one, onto, linear, preserves the inner product and therefore the
norm. This is an obvious consequence of Proposition 1.4.

Observation 2.14 | prefer using the symbolg® instead of the alternative /%),
The latter are obviously more direct but produce awkward formulas.

Up until now this construction does not seem particularly interesting. Any
other set of orthogonal functions would produce a subspadeifi-r x]), which
would be isomorphic ta7*. However, there are two facts that maﬂgé, kel
special.

Firstly, H¢ = L*([—x x]). Precisely, letf € L?([—x x]) and let

oo

f= Y and + Ry, (2.55)

k=—00

with Ry L gy, k € Z, be the orthogonal decomposition gfwith respect to°.
A basic result in Fourier theory is tha&, = 0 for all /' € L?([—x =]), this being
a consequence of the following statement:

Proposition 2.9 Let g be integrable if—x 7). If [7_g(6)e’*?d = 0 for all
integersk theng () = 0 a.e. in[—x x].

This result will be commented upon in Section 2.5. A consequence of it
is that expansion (2.53) establishes an isomorphism betwéérand the whole
L?([—m =]). Moreover, it establishes an isomorphism betwdei[—x 7]) and
1% (—00, 00). Precisely, giverf € L*([—n n]), define

E : L*([—n n]) — [*(—00, 00),

as the map

E(f) =lap2m, k € 2}

(an obvious consequence of Proposition 1.5). The reader will easily see that
QE =Y,
where¥ has been defined in (2.5), p. 47.



82 CHAPTER 2. MOVING AVERAGES

Observation 2.15 The choice ofL?([—x x]) is only a convenience. If we take
L2%([a b)) instead, then the functiom should be replaced by the functions

2wk

—i 6
h .0 e b-a ,

k € z, the coefficients s, would be determined as

1 b
= — o)hk(8)as,
ai= 5= [ 1OR©)
etc. The reader is recommended to check that all the developments below still hold.

Secondly, consider an operatdron H*. Given the isomorphisn® the coun-
terpart of4 on L2([—x n]), call it 4, is defined as

Af =A@~ (),

and, viceversa, given an operator bA([—x 7]), its counterpart orif* is defined
using @ first and then®—!. Consider in particular the operator corresponding to
B, callit B.

B(f) = oL@ (R 0 arkd)
= (0L o dfk—1U—k) = Y he—oo dfk—19" = 0.
Thus the operatoré, corresponding taB, is the multiplication operatorwhich

mapsf into g /. Moreover, denoting bﬁe the set of all functions of.2([—x x)

that are finite sums
m

Z ar ",

k=—m

which obviously corresponds 6", the counterpart of the mai(B) € A(B),
with 5(B) = Y92 _ . b B¥, is the multiplication map:

S [ > bkg"} /.
h=—0o0

Conversely, given any functiop € L2([—n r]), the multiplication map

fS—gf

whose domain and range afé® and L2([—r r]) respectively, is the counterpart
of the map)_ > _, agx B¥, which belongs taA(B). In conclusion, the magp
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establishes a one-to-one correspondence between the mafigofand the mul-
tiplication maps onH*. Given the maph(B) we denote byb(g) the function
S o bidt. If x € HY,

D(b(B)x) = b(Q[P(x)].

Now we are almost ready for a very elegant characterization of the operators
of B(B).

Definition 2.7 Let /' € L?([—x x]). The function is essentially bounded
there exists a subsett of [-7 7] whose measure &t and such thay' is bounded
on A.

Exercise 2.12 Show that ifg # f only on a zero measure set ajids essentially
bounded ther is essentially bounded. We recall thatii} ([— r]) functions that

differ only on a zero-measure set are equivalent (see p. 23). Thus all functions that
are equivalent to an essentially bounded function are essentially bounded.

Exercise 2.13Let

10 = nfor0 =1/n,neZ,n#0
N 1 otherwise,
g0) = 0%

with —.5 < o < 0. Show thatf is essentially bounded, though not bounded,
whereag is not essentially bounded.

Proposition 2.10 Let h(B) € A(B). Thenb(B) € B(B) if and only if b(g) is
essentially bounded.

PROOEF If b(g) is essentially bounded, then, setting= b(g), for a pgsitive finite
M we havelg(0)| < M, for 6 a.e. infl—=r x]. Therefore, for allf € H¢ (but also
forall f € L?([—n n])),

b1 b1
@I = [ le@)s@Fde < m? [ 7@)Fds = Ml
7T —TT
Thush(g), and thereforé(B), is bounded.
To prove thevconverse, observe firstly thab {fB) € B(B) then the multiplica-
tion maph(g) : H* — L?([—x x]) can be extended to the whale? ((—x 7]) and
that such extension is the multiplication mgp— b(g) f, forall f € L?([—x n]).
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Thush(B) € B(B) implies thatb(g) f € L*([—x n]) for all f € L*([—n x]).
Assume now thag = b(g) is not essentially bounded. Fér> 0 define

A =10, k < [g(0)] <k + 1},

and |
L {m if W(A) > 0
0if u(A4x) =0.
Then define
0ifoe A
/6 = {%"ifk >(())and9 € Ay
We have

oo

i 11
/_ |f(9)|2d9=Z/Aklf(e)|2d9§0+1+2_2+3_2+...<OO’
i k=0 "4k

sothatf € L?([—n n]). Now let us consider the functiopf. We have

T oo

/ 260 /O)Pdo =Y / 2OPIfO)Pd8 = 50+ 51 + -,
- k=0 "k

wheresy, = 0 and, fork > 0,

_)Oif u(4g) =0

| Lif w(4g) > 0.
The assumption thag is not essentially bounded implies that there is an infinite
number of integeré for whichs; = 1. Thusg f does not belong td.2([— 7]).
This completes the proof. (A much more elegant and quick proof can be found in
[10], Problem 50, pp. 31 and 212; take the demonstration above as an exercise.)

Observation 2.16 We say thaig € L?([—n x]) is continuous if it differs from a
continuous function only on a zero-measure set.f land g are continuous and
differ only on a zero measure set then they are equal everywhere (easy to prove).
Now, if {bx, k € Z} is absolutely convergent then the functidnye _ brgk is
continuous. For, the convergence ¥f;_ brgF is uniform in[—x 7] and each

—m
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of the partial sums is continuous. On the other hand, essentially bounded functions
are not continuous in general: for example, as the reader may check, the function

1if 1
noy = {1116l <
0if 6] > 1

is not continuous, nor equivalent to any continuous function. Thus the Fourier
coefficients ofk are not absolutely convergent and we have proved that absolute
convergence is not necessary faiB) € B(B) (see Example 2.9).

We can now characterize those operator860B) that are invertible.

Definition 2.8 Let g € L?([—x n]). g is essentially bounded away from zero if
there existg) > 0 such thafg(6) > n for 6 a.e. in[—x x].

If g is essentially bounded and bounded away from zero, tligris essentially
bounded away from zero and bounded. This is what we need to prove the following
statement.

Proposition 2.11 Let 5(B) € B(B). b(B) is invertible if and only if5(g) is es-
sentially bounded away from zero. In that case,llgb(g) = Y 7o _ di g be
the Fourier expansion df/b(g). Then

B = > diBX

k=—00

Observation 2.17 Assuming thay is essentially bounded, the existence of a func-
tion 4 in L2([—x x]) such thaigh = 1 a.e. inj—x ] does not imply that the mul-
tiplication operator associated wighhas an inverse. For example, lgtf) = 6¢,
with 0 < « < .5. In this casei(f) = 6% belongs toL?([—n =]) andgh = 1
a.e. in[—x w]. However ag is not essentially bounded away from zefois not
essentially bounded and therefore does not define a multiplication operator.

The following statement implies Fact 3, Section 2.4.2.

Proposition 2.12 Assume thatf, g and the produci g belong toL2([—x 7]).
Thenas, = ay * ag. Conversely, ite = {ay, k € Z}, b = {ay, k € Z} and the
convolutiona * b belong to/2(—oo, 00), then(a * b)(g) = a(g) b(g).
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PrROOF Firstly, note that, using (1.21),

1 i isO _1 —s_oo
27 | JO8@edo = 2[5V = ) apndgs—n.  (256)

n=—0oo

i.e. the convolution s x a, is the sequence of integrals in (2.56), this result holding
irrespectively of whethey's belongs toL?([—x x]) or not. If fg € L?([—x x])
then (2.56) isiz, ¢, SO that the convolutions * ag belongs ta/2 (—o0, 00). Con-
versely, let = axb. Because € /2(—o0,00), H = Y %2 _ cx g € L*([—n x)).
Applying (2.56) toa(9)b(g):

[H —a(g)b(g)]-¢* =0

for all k£, so that, by Proposition 2.% = a(g)b(g).

Example 2.10 Examples of sequencesBf(—oo, co) whose convolution does not
belong to/?(—oo, 0o) are obtained by taking the Fourier coefficients of functions
of L?([—m =]) whose product does not belong #©?([— x]). For example,
f(0) = 673, h(9) = 6—*. The function f(8)h(8) = 67, whose squared
modulus is|¢| =14, is not in L2([—x n]).

Lastly we return to the main task of the section, that is equation (2.52), rewrit-
ten below:
a(B)x; = b(B)uy, (2.52)

and its counterpart il ([— 7 7]):
a(9) /i = b(@)g™". (2.57)

Proposition 2.13 Assume that:(B) andb(B) belong to.A(B) and thatz(g) # 0
a.e. in[—x =], so that the functionl /a(g) is Lebesgue measurable and finite
a.e. in[—x x]. If b(g)/a(g) € L*>([—n x]) then (2.52) has the unique solution
vt = d(B)us, whered 72 _ dig* is the Fourier expansion @f(g)/a(g), that is,
settinge = b(g)/a(9),

1 [" ;
de = — [ c(®)e*0as.
27 Jx
Of course{y;, t € Z} is a moving average. Conversely, if there exists Z such
that the equatiom(B)x,; = b(B)u, has a solutiory, € H*, thenb(g)/a(g) €
L2([—n n)).
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PROOF. If b(g)/a(g) € L?*([—n =]) then f; = [b(g)/a(g)]g~" is a solution of
(2.57) belonging ta.? ([—x x]). For,

Ib(g)/a(@lg|1> = |b(g)/a@ > (2.58)

Moreover, ifh; € L*(—n x]) and solves (2.57), theh; = [b(g)/a(g)]g". If
fr € L*([—= =]) and solves(g)x, = b(9)g~7, then[p(g) /a(9)lg™* € L*([—x )).
Therefore, by (2.58))(g)/a(g) € L*([—n n)).

Exercise 2.141f the functiona(g) vanishes on a set of positive measure the solu-
tion of (2.52), if existing, is not unique. This is left to the reader.

We want to analyze in detail two cases of equation (2.52)Alipregressive-
moving averagerocesses (ARMA), in which the map$B) andb(B) are poly-
nomials:

aBy=1—ayB—---—ap,B?, b(B)=1+bB+---+byBY,
and (2) Processes resulting frdmctional differencing, in whichh(B) = 1 and
a(B) = (1- B)?,

where0 < d < 1/2.

Two preliminary results are needed.

Proposition 2.14 Suppose thay, — f in L*([—x =]). Then{as s, k € Z} —
{ark. k € Z} in [*(—oc0, 00). Conversely, if{a,x, k € Z} — {ay, k € Z} in
[2(—00, 00), thenY %2 aund® — 302 ard® in L2([—n =)).

The proof, hardly needed, is left to the reader.

Proposition 2.15 Let f : C — C be analytic in an open connected set containing
the disk of radiusR > 1 and center at zero. In this case, (see [1], pp. 179-84),
can be expanded in Taylor series

1 1
ﬂﬂ:f@+ﬁfmﬁ+iﬂ@£+“w

the series converging uniformly foz| < R’ < R. Then, settingf; () = f(e~*%)
and f5(8) = f(e'?), the Fourier expansion of; and f, are

1 1
fi = FO + 1 Og+ 5./ OF + - (2.59)
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which is one-sided in the positive powersgfand

1 _ 1 _
fr=FO + 5/ OF + S /Og 7+ (2.60)
which is one-sided in the negative powersgpf

PROOFR As R > 1 we can takeR’ > 1, so that the Taylor series converges uni-
formly for |z| = 1. As a consequence, both (2.59) and (2.60) converge uniformly
for 8 € [—m x], and therefore converge in mean square (see Exercise 1.17). But
then, by Proposition 1.4, (3), (2.59) and (2.60) are the Fourier expansiofis of
and f, respectively.

CASE 1. Consider the rational function
b(z) 1+byz 4+ byz?
c(z) = = )
a(z) l—ayz—---—apz?P

and assume that numerator and denominator have ho common roots. Let us firstly
recall thatc(z) has the partial-fraction representation:

u 1
c(2) =G(2) + ZGj (1 —a~z) ’
j=1 J

wherel/aq, 1/a,, ..., 1/ag are the distinct roots of the equation

l—ajz—---—apzf =0, (2.61)

G is a polynomial and

1 Aj Aig.
Gj ( ) = J1 4+ 4 #ﬁ
1—()th 1—()th (1—Oth)S!
wheres; is the multiplicity of 1/«;. For this standard algebraic result, see [5, pp.
84-86 and p. 110, Exercise 6], [1, pp. 30-32] and [2, pp. 258-264] for applications

to integration of rational functions.
Secondly, computation of the coefficients of the Taylor expansion of

K(iz) =1 —-az)™,

m being a positive integer, gives

(=0)* (=m) (=m D m ok + 1)

fe =

oKhk+m—1)---(k +1) (2.62)
m—1)!
= kM= 4 ok kM2 4. ak.
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The functionK is analytic in the regionz| < |1/«|. Thusif|e| < 1, by Proposi-
tion 2.15,
H(Q) =1+ 19+ pag + -,
and
HB) =1+ B+ B> +---.
If || > 1, then
—m
K@=(l-ag™ =—2 0
@ = (1-ag) I—a g )
= —a7"g" (L4 g + 2G4 )
— _a—mg—m _ a_’",ulg_m_l _ a—mluzg—m—2 —

—m

so that
K(B) — —q MmFm _ Ot_m,lLlFm+1 _ Ot_m,leFm+2 .

Lastly, b(g)/a(g) € L*(—n x]) if and only if lej| # 1for j =1,...,s.If
none of the zeros of (2.61) lies on the unit circle the func#gg)/a(g) is contin-
uous in[—x 7] and therefore belongs th?([—x 7]). Now suppose, with no loss
of generality, thafe; | = 1, so thate; = ¢’?1. We have, expanding the cosine in
Taylor series,

1

u—aﬂ4ﬂ2:n1—aa9—an:2w—egzb'

1
ﬂw—mf+~}.

Since we have assumed thdt) andb(z) have no roots in common, there exists a
neighborhood¥ of 6; in [—x x] such that fo® € W

b(e—it?) 2

a(e—ie)

1
(6 —61)%

with C > 0. As the right-hand side has no finite integrgt;| = 1 implies that
b(g)/a(g) # L*([-x x]).

Summing up:

Proposition 2.16 Assume that the polynomials(z) and b(z) have no roots in
common. Then
(i) If a(z) has unit-modulus roots, equation (2.52) has no solution.
(i) If a(z) has no unit-modulus roots ther(B) is invertible and the solution of
(2.52) is

ye = H(Bu; = a(B)_lb(B)u,,
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Moreover, assuming thdt;| < 1 for j = 1,...,h, and|ej| > 1 for j =
h+1,...,s, the function H(B) can be obtained using the partial-fraction de-
composition and expanding backward the fractions correspondirg o/, i.e.

as series inB, and forward the series correspondingjta> /4, so thatH(B) =
H|(B) + H,(F), with

Hi(B)=14+viB+v,B*+---, HyB)=v_1F+v_,F*+...,

and

o0
Yo=Y vkt

k=—o0

(iii) If y is real, positive and greater than the maximum of

—1 -1
laal, oo lanls leg gl oo lag |
then v
lim -2 — .
n—00 )/”
(iv) If |aj| < 1forall j =1,...,s, the solutionis a linear combination of present

and past values af;. Moreover,yg = 1:
Ye=ur+vius_g +---.
PROOF Statements (i) and (ii) have already been proved. For (iv), observe that
(vo+viB+---)1+bB+---+byB7) =1

and use Fact 3 to show tha§ = 1. For (iii), observe that the coefficientg are
obtained as linear combinations of terms likk™, for j < h, anda;*k™, for
j > h.

Observation 2.18 Note that the roots of the polynomial in (2.61) are the recipro-
cals of those of the characteristic polynomial (2.24). The solutions of our ARMA
are linear combinations of present and past values,af all the roots of (2.24)

are less than unity, or, equivalently, if all the roots of (2.61) are greater than unity.
From now on we will invariably use equation (2.61) and therefore require ‘big’
roots to obtain an inverse af(B) in B.

Observation 2.19 The main results of Section 2.3—in particular, Proposition 2.7
and Exercise 2.6—have been independently re-obtained by means of the isomor-
phism® : H* — L2([—n n]), partial fractions, the Taylor expansion ¢f —
az)™™, and other fairly simple arguments regarding the functions dff—= 7]).
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Observation 2.20 Assuming thataz(z) and 4(z) have no roots in common and
using partial fractions it is easy to show that no root of the polynomial (2.61) can be
absent from the solution of (2.52) in the ARMA case, which implies an alternative
proof of Proposition 2.8.

Exercise 2.15Apply partial fractions to find the solution of the equation in Exam-
ple 2.6.

Observation 2.21 Factorize the polynomial(z) as
a(z) = (1 —arz)(1 —azz) -+ (1 — @p2),

where thex’s are not necessarily distinct, so thgt = «; for j = 1,..., sy, etc.
If none of thex's has unit modulus,

aB)'=0-¢;B) "1 -aB) (1 —a,B)7"

Eachterm(1—a&yB)~! can then be expanded Bor F according to whethei; is
smaller or bigger than unity, while the product can be obtained using Fact 3. This
method leads to the solution of the ARMA equation. However, the advantage of
partial fractions is that they allow to determine the speed at which the coefficients
of a(B)~! tend to zero.

Exercise 2.16 Apply the method of Observation 2.21 to solve the equation in Ex-
ample 2.6.

Exercise 2.17 Apply the method of Observation 2.21 to show that if the coeffi-
cients ofa(B) are real then the expansion@fB)~! has real coefficients.

Let us recall that standard textbook define ARMA processes as the solutions of
equationsi(B)x; = b(B)u,, where the polynomial(z) has no roots of modulus
smaller or equal to 1, and the polynomialz) has no roots of modulus smaller
than 1. The following statement, whose proof is deferred to Section 2.6, reconciles
our definition of an ARMA process with the standard one. Precisely; iis the
solution ofa(B)x; = b(B)u;, theny; is also the solution of an ARMA equation
with the autoregressive and moving average roots fulfilling the standard conditions.
This has the consequence that an ARMA procgssloes not identify a unique
ARMA equation, so that the standard conditions on the roots act as identifying
restrictions. This issue will be further discussed in Section 2.6.



92 CHAPTER 2. MOVING AVERAGES

Proposition 2.17 Assume that the polynomialks(z) and b(z) have no roots in
common and that no root af(z) has unit modulus, so that the equatiofB)x; =
b(B)u, has the unique solution; = [a(B)~']b(B)u,. Moreover, let

a(B) =(1—a;B)---(1—ap)(1 —aps1 B) (1 —pB)
b(B) =(1—B1B)---(1—Bs)(1 = By+1B)---(1 - By B,

witho; < 1forj < h,a; > 1forj > h, Bj < 1forj <sandB; > 1 for
j > s (note that we are not imposing that no root/qt) has unit modulus). There
exists a white noisa; = c¢(B)u, such thaty, is the unique solution of the ARMA
equation

d'(B)x; = b'(B)wy,

where
d'(B) =(—a;B)---(1—ap)(l -0y, B)---(1-a,'B)
b'(B) =(1—=p1B)--(1-B)1 =B B)--- (1= B! B).

CAsE 2. As we have seen, the equatidn- B)x; = u; has no stationary solution.
Heuristically, if we try to obtain(l — B)~! as the limit of(1 —aB)~!, fora — 1,
we see that all the coefficients ¢f — aB)~! tend to 1, so that in the limit we
end up with a sequence that is not square summable (it is not even declining). Of
course we do not find a stationary solution far— B)™ x; = u,, for m integer and
greater than 1, whereas in the cage= 0 a solution trivially exists. This seems
to be the end of the story as long as we confine ourselves to the gpaead the
operatorB. However, when the equation — B)"x; = u, is transformed into
(1—-9)™f, = g7, itis natural to consider non-integer valuesrof values ofm
that lie between 0 and 1 in particular, and see whether a stationary solution exists
for values ofm that are positive and close to zero. As it turns out, a stationary
solution exists for exponents that lie between 0 drid. Moreover, the solution
is a moving average whose coefficients decline at a slower rate as compared to the
moving averages resulting from ARMA equations.

As0 < d < 1/2, both functiong1 —g)? and(1 —g)~¢ belong toL?([—x =]).
For, the first is bounded while the squared modulus of the second tends to infinity
as® — 0 with the speed ob~2¢. Application of Proposition 2.13 gives that the
equation

(1—B)¥x; = uy (2.63)

has the unique solution
ye=(1-B)"u,. (2.64)
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Note that the functioril —g)? is bounded but not bounded away from zero, so that
the operatof1 — B)? is not invertible. Thus although

(=B [(- B u] =u.,

the map(1 — B)~4 is defined only ondY,i.e. it belongs tod(B) but not to5(B).
Now we want to prove that (2.63) is an infinite autoregressive equation, i.e.
that(1 — B)? has the one-sided representation

(1= B)! =1+ ¢1B+¢B> + -
and that(1 — B)~“ has the one-sided representation
(1-B)y Y =1+y 1B+ y2B>+---,

so that the solutiory; is a linear combination of present and past values of
Moreover, we want to study the rate at which the coefficiefjitsand;, tend to
zero.

Let o be real, positive and less than unity and consider the complex function
Ko(z) = (1 —az)?. Kq(z) is analytic in the diskz| < «~! and has the Taylor
expansion

(—d)(—d + l)l-c-'-(—d +k — l)akzk

—d
Ka(Z):1+T(¥Z++ —+ e,

so that, by Proposition 2.15,

—d —d)(=d + 1) (=d +k — 1
N +)k'< Hh=D

(1-ag)? =1+ —

is the Fourier expansion @il — «g)?. Moreover, firstly, asc — 1, we have
(1 —ae™ )4 — (1= 710412 5 0
for all @ € [ 7]. Secondly, usingl —ae™ 9|2 = 1 + o> — 2a cosb,
[(1— ()te,>_"‘9|2 <4
forall 6 € [-7 n]and0 < « < 1, so that

. . 2
< (ll_ae—10|d+|1_e—10|d) 522d+2

. 2
(1 —ae 0 — (1 - e—zO)d’
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forall € [-7 7] and0 < « < 1. Thus the Lebesgue bounded convergence
theorem can be applied and

s . . 2
lim / |(1 —ae Y _ (1 -7 go =0

a—>1 J g
As a consequence, using Proposition 2.14,

.y EDEd l)l-c-!-(—d—i-k— Dok

d— _—
(-9 =1+

is the Fourier expansion @l — g)9, that s,
(1-B) =1+ _1—?3 fo EDEAT 1)1;'.(_61 =D g
Two easy modifications of the above reasoning lead to
(1-B) =1+ %B-l—---—i— did + 1)"l'cfd+k_ D g
Everything goes as above, withd replacingd, except that, firstly, ag — 1,

4+

(1—- az)_d — (1-— Z)_d
for 6 # 0, thus a.e. if—x x]. Moreover,
11 —ae™%2 > (1 —cog 0)

forall § € [-7 7] and0 < a < 1 (just take the derivative of + a? — 2« cosf
with respect tax). As a consequence

. 2 . . 2
(1—ae™)™ — (1~ e‘“‘))_d’ < (ll —ae 074 4|1 - e—“‘)l_d)
< 4
~ (1 —cos8)?(1 + cosh)?

for0 < o < 1andf # 0, where, ag/ < 1/2, the right hand side has finite integral.
Summing up, the functiof(1 — ae %)~ — (1 — ¢719)~?|2 tends to zero a.e. in
[-7 7] and is bounded a.e. by an integrable function. This is sufficient to apply
the Lebesgue bounded convergence theorem.

The asymptotic behavior of the coefficients @f— B)¢ and(1 — B)~“ can
be analysed by means of tliefunction and the Stirling’s approximation formula.
Let us recall that, foxx > 0 (see e.g. [15], pp. 192-3),

I'(x) :/ t*le7ldt.
0
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The I" function fulfills the property
F'x+1)=xIkx), (2.65)

which can be used to exterdd to non-positive real numbers, with the exception of
0 and all negative integers. An easy exercise using (2.65) shows that the coefficients
¢, andy, can be written as

I'(k—d) I'(k +d)

T TktDI(—d) *TTwk+Dr@ (2.66)

bk

An approximation tol"(x), for x large, is provided by the Stirling’s formula. Pre-
cisely (see [15], pp. 194-5):

. I'ix+1)
im ——— =
X200 x X=X/ 2w x
Another exercise shows that using the Stirling’s approximation in (2.66) we obtain

k—d—l kd—l

¢k~m, Wkwm,

the symbol ~’ meaning that the ratio between left and right hand side tends to 1
ask — oo. Because-d — 1 < —1 the sequencép, k = 1,2,...} is absolutely
summable. By contrast, as— 1 > —1, the sequencéy,, k = 0,1,...} is not
absolutely summable, though, 267 — 1) < —1, it is square summable. Inciden-
tally, note that(1 — B)? can be defined for alf > 0 and belongs td3(B) (with
absolute summability of the coefficientg ), but that(1 — B)~? belongs taA(B)
onlyifd < 1/2.

Quite obviously, we can start with-1/2 < d < 0 in equation (2.63), the
solution being (2.64). As the cagke= 0 is trivial, equation (2.63) has been solved
for all d in the open interval—1/2 1/2).

In conclusion, for—1/2 < d < 1/2 the equation(1 — B)4x, = u, has the
solution(1 — B)~?u,. Both (1 — B)? and(l1 — B)~“ are one-sided. Apart from
d = 0, which is trivial, the coefficients ofl — B)~“ tend to zero likek?~!, and
therefore slower than geometrically, slower, in particular, than the coefficients of
ARMA processes.

In general, given the moving average

Ve =Ur+cius_q + -+ Cslhp—g + -,

the absolute valugs| can be taken as a measure of the memory thédias of the
shocku,;—gs, which has occurred periods before. ARMA processes, for which
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|cs| declines geometrically, are referred tos®rt memoryprocessses, whereas
processes for whicke,| declines with a hyperbolic law, likél — B)~?u; with
0 <d < 1/2, are referred to d®ng memoryprocesses.

Summary. We have defined the operatét : H* — H". To every square-
summable sequence there corresponds a bi#) : H" — H". Mapsb(B)

that are bounded can be extended to operdtoBy : H* — H*. The autoregres-
sive equation(B)x; = u; can be generalized i B)x; = b(B)u;, wherea(B)
andb(B) are both maps off* into H*. Then we have established the correspon-
dence® : u;, — \/ge”(') and shown that the linear extension ®fto a map

@ : H* — L?([—r ]) is an isomorphism. Moreover, the mapB) corresponds,

via @, to the multiplication map inL2([—x x]), which maps the functiory’ to
b(e™'0)) f. Boundedness and invertibility of multiplication maps receive an easy
and elegant characterizationir? ((—x x]), while the equatiom(B)x; = b(B)u;,

has a unique solution if and only if the functida(e )]~ (e ")) belongs to
L2([—n #]). The autoregressive equation, generalized to an ARMA equation, is
solved using partial fractions and elementary Taylor expansions, thus obtaining
with a different method the main results of Section 2.3. Lastly, the method is ap-
plied to the equationl — B)4x; = u,, whose solution is shown to be a long
memory process.



