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Definition of a stochastic process

A stochastic process is (1) a correspondence associating a stochastic variable with
each integer :
T t— xy

(2) for any integer s and t; < 19 < .- - < {4, the probability measure
Plar <y < by, as <@y, < bo, ..., ay < 2y, < by)

Saying that a stochastic process is given means that not only the stochastic vari-
ables x; are given, but also the joint probability measure, for all s-tuples

CCtl, I’tz, e

S

Notation. x; for the stochastic variable associated with t. {z;, t € Z} for the
process, but we also use , for short, x;, meaning the process, instead of {CL‘t, t e

Z}.



Definition of a stationary stochastic process

So we have a probability space S; = (Qt, Fi, P) for each t, and the products
Qtl XQtQ Xoee XQts
with their probability measures

Pla; < xy < by, ag <@gy, < bg,y ..y as < xp, < by)

Equivalently, with each sand t; < 19 < ... < {, we can associate the probability
distribution function

tll.,tg,...,ts(bla b27 SR bs) — P(xtl S bl, Lty S bQ, ey Ty S bs)



Definition of a stationary stochastic process
Definition. A stochastic process is strongly stationary if
Plag < ay, <byy ag <y, < b,y as < ay, < by)
=P(ar < xyp < by, ag <@gy <o,y ag <
forall s, t; <ty <--- <t and all integer k. We also say strictly stationary.

Equivalently, using the probability distributions,
=

to,...ts T1,T,--,Ts

i
13
where 7; = 1; + k.

For example,

the probability that z lies between 1 and 2, AND x5 lies between —3 and 3, and
the probability that 21, lies between 1 and 2, AND x5 lies between —3 and 3,
are the same.



Stochastic processes: examples

1. Let S, = S = (O, F,P). Let
r; = A forall t.

This is an extreme example in which the function x : ¢ — x; is constant. We can
say that x; is a constant stochastic process. This process is of course stationary

2. A slightly modified example is
T = (-1)tA

3. At the other extreme, let the variables x; be IID. Stationary. In this case
P(l’tl c ]1, l’tQ c ]2) = P(l’tl c ]1)P<l’t2 c ]2)

4. Non stationary processes are
Y= a+ bt +xy, 2z = tay,

where x; is |ID.



Stochastic processes: examples
5. Another important example of non-stationarity
Tt ift <0
Wy =
1+ Tt if t > 0

where x; is ID. The mean changes but there is no trend.



Stochastic processes: realizations

Consider the space

RZ— ... XRXRXRX ---

containing all two-sided infinite sequences of real numbers
y:( Y_1 Yo Y1 )
The probability
Pla; <y, < by, as <y, < bo,..., as <y, < by)

can be interpreted as the probability of the subset B of RZ containing the se-
quences Y that pass through [a1 by at t1, through [as bo] at %5, etc. In other
words, the sequences of B can go wherever they want, provided that they behave
in the prescripted way at ¢1, t9, ..., .



Stochastic processes: realizations

The space RZ, endowed with the probability measure just defined, is called the
space of realizations, or space of trajectories, of the stochastic process ;.

For example,

1. If x; = A, the constant process, then the realization is a constant sequence
with probability one.

2. If x; = (—1)" A, then with probability one the realization is

(- —a a—a a )



Stochastic processes: realizations
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The red line in the lower panel is a realization of x; = A, the black line of z; =
(—1)tA. In the upper panel we have two realizations of x;, which is I[ID, normal,
with zero mean and unit variance.



Redefining stochastic processes

Starting with the stochastic process {x;, t € Z} we have defined a probability
space on R%. There is a correspondence between events in the spaces {); and
events in RZ. For example, to the event {w € ()4, such that x4(w) = 5} there
corresponds in R” the event

Al trajectories {y;, t € Z} such that y, = 5

Moreover, to the stochastic variable z, : (), — R, there corresponds X, :
R% — R which is defined as follows:

X:-({y, t € 2}) =y, = x-(any w € ), such that z,(w) = ¥y, ).

That is: If the trajectory {yt, l € Z} passes through z att = 7, then the stochastic
variable X takes the value z, which is precisely the value that x, would take for
any w of the subset of (). corresponding to {yt, t e Z}.



Redefining stochastic processes

The four trajectories belong to the event:

All trajectories that at ¢ = 4 take values between —0.5 and 0.5.



Redefining stochastic processes

The four trajectories belong to the event:

All trajectories that take value 7 at t = 4.

The variable X takes value 7 for all these elementary events of RZ,



Redefining stochastic processes

It is quite obvious that the process {Xt, t € Z} has the same probability distri-
butions as the process {x;, t € Z}, i.e.

X _ Iz
F;fl,tg,...,ts - F;fl,tg,...,ts

The advantage of { X}, t € Z} is that all the variables are defined on the same
probability space RZ,

This is the basis for the following definition of a stochastic process.

Let S = (€2, F, P) be a probability space and L be the set of all real stochastic
variables defined on S. A function

x: Z— L
is called a stochastic process.

t—x;, x1:0Q0—R



The autocovariance function

Suppose that z; is strongly stationary and has finite second moment. Let y =
E(x;). Then consider

El(z — p) (@1 — p)]- (*)

Since the joint distribution of z; and x;_; depends on k but not on ¢, then ()
depends on & but not on t. We denote it by j, or 7y; if necessary. The function
associating 7y with the integer k is called autocovariance function.

It easily seen that vy, = v_j:

e = El(@i=p)(@e—p)) = Bl(@epn—p) (=) = El(wi—p) (@ n—=p)] = 7

Moreover |v;| < o = var(xy).



The autocovariance function

2

15— —

SN/ / / / / R \ \ /\ |
wsb \ / / / / / [ \ \ -

-1.5— —

0 2 4 6 8 10 12 14 16 18 20

In the figure we have the autocovariance function (first 20 values) of the constant
process, blue circles, the process r; = (—1)tA, red asterisks, the IID process,
black triangles. All processes have unit variance.



Weakly stationary processes

Suppose that x; is a stationary process with finite second moments, that (i) E(CL‘t)
is independent of ¢, call it 1, and

El(z: = p) (@i — ) (*)

is independent of . Then we say that x; is weakly stationary. We denote () by
V-

If x; is strongly stationary and has finite second moments, then x; is weakly sta-
tionary.

Of course a weakly stationary process is not necessarily strongly stationary. As an
example, let v, = 0 for k # 0, 79 = var(x;) = 1. Moreover, assume that x; is
normal for ¢ # 0 and uniform for ¢ = 0.

If x4 is weakly stationary and normal then it is strongly stationary.

Unless explicitly stated, stationary processes will be weakly stationary.



White noise

We say that the stationary process x; is a white noise if E(z;) = 0 and
Y, =0 fork #0
The IID process is of course a white noise.

The autocovariance function of a white noise has only one non-zero value.



Moving averages of a white noise
Start with a white noise process u;. The process
m
Tp= D QU
J=—m
is called a moving average of u;.

The process x; is stationary. For, the mean of x; is zero, obvious. Moreover, to
compute the autocovariances,

Ty = -+ au—1 + apuy +a—_1Up41 + - -
Ti—1 = - +tagUp—1 +a_1U + a_oUpy1 + -+ -
We have:
r— g2ym a;a; in particular ¥ = g2>""  qa?
Ve = Ouj=—m+k GjAj—k P Y0 = Oy 2j=—m 4



Moving averages of a white noise
For the moving average
m
Tr= > Qjuij,
J=—m
we have
ve =0 fors>2m+1

Example: x; = u; + 2uy_1 — 6uy_o:

V=412, A7 = —1002, ~5 = —60%, AT =0fors > 2

Note that the autovariance function of the process {z;, ¢ € Z} and that of
{x;_, t € Z} are identical. For example y; = ;4 1+2u;—6u; 1 and x; = y;_1.



Moving average of a general process

We can construct a moving average with any process x:

m
Y= D 4T
j=—m

If 2, is stationary then ¥, is stationary. For, E(1:) = 11> a;. Moreover:

_ LTt—m
Lt—m+1
E(Qt%-k) =E|(am am-1 -+ Qi1 Q) | (Tt—m—t Te—ms1i—k **
Ltym—1
L Lt+m
Ve V-1 Yieom
. Vie1 Vi o Vi—2mel o

X X X
Yevom Ve+om—1 Tk



The lag operator

If ; is a stochastic process, define the lag operator, denoted by L, by
Lxy =x4.
Moreover, for k& > 1,
LFx, = L(Lk_lcct), LY = 1 where 1 here means the identity operator: 1x; = x;.

Lastly F'oy = L'y = 2441,
We also define functions of L,

a(L) =a_p, L™+ ---+a L' +ay+a L+ -+ a,L™
=a_p "+ +a  F+ay+aL+---+a,L"

Moving averages can be rewritten as:

= a(L)uy = a_pUpam + -+ a_qUp1 + Qg + artp_1 + - -+ AUy,



The lag operator

Examples:
Ty = U2y 1 —6uy_g = (14+2L—6L%)uy, 1 = tpy1+2u—61,_y = (F+2—6L)

We have seen that the autocovariance function of x; and Lk:ct are equal for all k.

We have

a(L)[b(L)ui] = [a(L)b(L)]us,
where a(L)b(L) is obtained by the ordinary algebraic rules. Example:

(F+2—6L)[(1+5Ly] =[F+2—L+10L* — 30L%u,.

Check this result.



Infinite moving averages of a white noise

We can in principle consider a moving average of a white noise with an infinite
number of terms:
o0
T = D Qjl—j =" F QUi+ - F QU+ - F Qg Uppy + -
J=—00

provided that
2
>, aj; < oo. (%)

j=—oc

Condition () ensures that x; has finite variance and covariances:

T 2 = 2 T T =
YW =0u 2 G5, Y =0) > Gjaj
J=—00 J=—00

(Do you remember the Cauchy-Schwartz inequality? | ¥ c;d;| < (/S cf\/Sd5. )



Infinite moving averages of a white noise

To see why infinite moving averages are important consider the difference equation:
2t = QZp—1 + Uy,

where u; is a white noise, o < 1, and z; is an unknown stochastic process.

Suppose that x; is a solution. Then:
Ty = axi_ 14U = a(oxi_oFui_1)+Fuy = [utau_ |+t = [uptau_ +otuy
Thus an obvious candidate solution is

(0. ]
) .
Ty = U+ U+ QU+ =Y adup
J=0

And it works

2
Ut + Q1 :Ut+04(ut_1+ozut_2+---) =W+ QU1+ QU9+ =T



Infinite moving averages of a white noise

Note that other solutions exist. If A is any stochastic variable, and y; = x; + Ad!,
then

w4 ogp—1 = g + (g + Aa' Y = [up + az_ ] + Ad = 2, + A =y,

and viceversa, if y; is a solution then y; = x; + Ba! for some stochastic variable
B.

Thus x; is the only stationary solution.

In conclusion, infinite moving averages arise as solutions of
elementary and sensible problems.



Infinite moving averages of a white noise

Infinite moving averages of a white noise are a large class of stochastic processes.
We will see that every stationary stochastic process can be decomposed into an
infinite moving average of a white noise plus a “deterministic’ component.

A very important property of infinite moving averages of a white noise is that the
autocovariance function vanishes when the lag tends to infinity. Precisely, if x; =
2 QpUL—p,

lim ~; =0

el
This can be easily grasped: 7, = 72 _ ahah_kag. The formula can be “seen”
as obtained by displaying the array a,; on top of the same array shifted to the left by
k integer steps, then taking the products “vertically” and summing. For example,

fork =1
ap ap a_—1

apg a—1 a_—9



Infinite moving averages. The squares on the blue line are the coefficients a;.
The graph has a belly and two tails, a stylization of the fact that the coefficients
must decline to zero as j tends to infinity (they must be square summable). The
green and the red graphs are obtained by shifting the blue line back of 5 and 20
positions respectively. It is apparent that increasing the lag the belly of the blue
graph corresponds more and more to the smaller and smaller values of the tail of
the shifted graph, while the belly of the shifted graph corresponds to the tail of the
blue graph.



Infinite moving averages of a white noise
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Now we know that there exist processes that are not moving averages of a white
noise. The autocovariance function of the processes z; = A and z; = (—1)'A
does not decline: see the blue and red lines above.



ARMA processes

We have discussed the stationary solution of
2 = QZp_q + Uy.
Rewrite it as z; — «z;_1 = u; and then as

(1 — OéL)Zt = Ut

We call this equation an autoregressive equation of order one, and the station-
ary solution an autoregressive process of order one, or an AR(1). An obvious
generalization is

=0z 1+ -+ apz_p+uy, thatis (1 —agl — - —aplP)z = uy

an autoregressive equation of order p.



ARMA processes

We want to solve the equation

(1—a1L—--—a,LF)z = u.
This means looking for a moving average of u; that solves the equation.
For p = 1 we found that if || < 1 the solution is

Ty = U + QUy—1 + 042ut_2 + -

We can define the inverse of 1 — aL:

1
71_&L:(1—@L)—1:1+@L+042L2+---

and write
=1 —al)uy=(14+al+a’L* + -



ARMA processes

The expansion

closely resembles the Taylor expansion

=l+o+ai+---
l—=x

Both must be handled with extreme care. If |x| > 1 the Taylor series does not
converge. In the same way, if |«| > 1 application of the operator () to u; does
not produce a finite-variance stochastic variable.

However, for || > 1 the operator 1 — «L has an inverse with an interesting
expansion:

1 F R
- )
l—al F—« @ ] —a lF

where ' = 1.

— —a 'F(l4a 'Fra ?F*+. )



ARMA processes

However, for || > 1 the operator 1 — oL has an inverse with an interesting
expansion:

1 F R
s N § A
l—al F—a« @ 1 —alF
where F = [ 1.

This can be used to solve the equation

— —a 'F(l4a ' Fra?F*+. )

2t =22 1+ w, thatis (1 —2L)z = wy

The solution is

1 1.1, 1 1
$t:—§(1+§F+?L +°°°)Ut:—§ut+1—?’&t+2+"'

thus a moving average of future values of ;.



ARMA processes

This can be used to solve the equation
2p =22 1+ 1w, thatis (1 —2L)z = wy

The solution is

1 1.1, 1 1
$t:—§(1+§F+?L +°°°)Ut:—§ut+1—?’&t+2+"'

thus a moving average of future values of wu;.

The same result can be seen immediately if

1
§ut7

2y = 22,1 + uy is rewritten as z;_1 = %zt —
that is
1

2t = §Zt+1 + U,

where vy = _%'U/t+1.



ARMA processes

Thus the equation (1 — aeLL)z; = u; has a stationary solution which is a moving
average of uy, in the past if |a| < 1,

Ty = U + U1 + OéQ’LLt_Q + -
in the future if || > 1,

. —1 —2
Ty = —« ut+1_04t+2_"'

Only when |a| = 1 there is no stationary solution. More precisely, the equations
2t =21t Uy 2= Tt Uy

have no stationary solutions unless u; = (. In that case the solutions are x; = A
and z; = (—1)" A, respectively.



ARMA processes

Let us go back to the autoregressive equation of order p:
(1—a L —-—a,LP)z =1
We solve it by factoring the polynomial into first order factors. Precisely:

l—anL— aol?® =+ — L = —a,(L = y1)(L = 72) -+ (L — )
= [—Oép(—l)p’}/l’}/g s ’yp}(l — 51L>(1 — 52L) c e (1 — 5pL) = (1 — 51_

where d; = 1/7;.

Thus the autoregressive equation can be rewritten as

and the solution is obtained by inverting the polynomials 1 — 5jL one after another.



ARMA processes

Thus the autoregressive equation can be rewritten as
and the solution is obtained by inverting the polynomials 1 — 5jL one after another.

More precisely, if the roots of the polynomial 1 —ay L —- - - — oszp, that is the ~’s,
are greater than 1 in modulus, that is if |§;| < 1, then for the stationary solution
we have

vy =(1—0L) (1 =60 (1—0,L)
= (146 L4+07L"+ ) (1+ 6, L+ 6L+ - Juy
= [1—|—A1L—|—A2L2—|—}Ut

Uyt + Alut_l + Agut_z + .-

where

A= X 60y

ke kot +kp=k
In particular, A} = 01 + dy + - - - + 0y,



ARMA processes

About the roots of the autoregressive polynomial, let us insist that that the root of

1 — alLis 1/a. Thus, by requiring that the root is greater than 1 in modulus we
require that v is smaller than 1 in modulus.



ARMA processes

Example: (1 — oy L — apL?)z; = ;. The solution is

Ty = U+ [01 + Oo]ty_y +[07 + 61004 03] uy_o + [07 + 6160+ 8165 + 05wy 4 - -

The figure shows the coefficients corresponding to d0; = 0.9, d, = 0.7, blue line,
01 = —0.9, 0o = 0.7, green line.



ARMA processes

Example: (1 — oy L — apL?)z; = ;. The solution is

Ty = U+ [01 + Oo]ty_y +[07 + 61004 03] uy_o + [07 + 6160+ 8165 + 05wy 4 - -

The blue line and green show the coefficients corresponding to the complex conju-
gate solutions 91 = 0.9(cos 27”4—@' sin 27”) 09 = 01, for 7 = 24 and 12 respectively.
The coefficients are real, as expected (see also the formula above).



ARMA processes

Another technique to obtain the moving average corresponding to the autoregres-
sive equation
(1 —a1L — asl?)z = uy

is the following. Suppose that 7; = (1 + a1 L + asL* + - - - Juy is the solution.
Then

(1 — ozlL — OZQLZ)(l + CL1L + CL2L2 + - )Ut = Uy
i.e.

2

[1 + (a1 —ay)L + (ag — ayay — a) L™ + -+ + (ap — a1 — ozgak_g)Lk + ..

Since u; is a white noise all the coefficients, apart the first, must be zero. Thus
we find the difference equation

ap—ap_1—oap_o = 0, for k > 2, with initial conditions a; = a1 and ay = a1a4



ARMA processes

Lastly, examining again the formula

Ty = up + [0 + Oolus_1 + [07 4+ 0102 + 05]us_o + [0 + 6309 + 6105 + 55 |uy_3 + -
= Ut + AU + QU2 + -

01| > 102
modulus, is smaller or equal to k|d1|". Thus the coefficients ay, tend to zero faster
that any geometric sequence pk with |01| < p < 1. We say that the coefficients

ay decline geometrically with rate \51 , which is the modulus of the “worst” ¢, that
is the one that is closer to 1.

we see that if, say,

, then the k-th coefficient of the moving average, in
‘k




ARMA processes

In general, the coefficients of the moving average
T = U+ Ajup_q + Asuy_o + - -
solution of the autoregressive equation
(1—aL—-—a,P)z =1

tend to zero geometrically at rate \51

, Where, with no loss of generality,

51‘ Z ‘55

this meaning that d; is the worst of the J’s.



ARMA processes

The stationary solution of
(1—aL—--—a,LP)2z = u,

under the assumption that all the roots of 1 — L — - - - — oszp are greater than
1 in modulus, is called an AR(p) process. An AR(p) process has a moving average
representation in the contemporaneous and past values of u;:

Ty = U + Alut_l + AQ’LLt_Q + -
If some of the roots 7, of 1 — a1 L — --- — L are smaller than 1 then
l—aiL = —apl’ =(1=mL)(1—9L) (1 —7L)

can still be inverted but not in L alone, so that x; in this case will be a two-sided
moving average of ;.



ARMA processes

For example, suppose that 1 — a1 L — i L? = (1— 38, L)(1—08,L), with |6;] < 1
but |93 > 1. Then

(1—=6L) (1= 6L) ' = —(1+ 6L+ 0L+ ) (05 ' F+ 0, " F 2+ -+)

In this case
wy =+ Ay + Aoup + A quy g + -0
with
Ay = =605t — 636,2 — - -
A = =520, — 65052 — - -
Ay =01 — 61652 — -

(Check that the coefficients A;. and A_;. tend to zero geometrically for K — +00.)



ARMA processes

But if some of the roots 7y has unit modulus, in that case we say that the autore-
gressive polynomial has unit roots, then the autoregressive equation

(1—aL—--—a,LF)z = u,

has no stationary solution. (Unit roots will be discussed later on.)

We assume that the autoregressive polynomial has no root inside or on the unit
circle, i.e. that |y;| > 1 for all j or that |0;| < 1 for all j. In this case we say that
the stability, or stationarity condition is fulfilled. (But we know that roots inside the
unit circle do not imply that a stationary solution does not exist, they only produce
moving average containing future values of u;. It is only with roots of unit modulus
that stationary solutions do not exist.)
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ARMA processes. Plot of u;, normally distributed white noise.
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ARMA processes. Plot of z; = (1
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ARMA processes. Plot of z; = (1 + O.9L)_1ut. The equation is

Zt = —0.9215_1 + Uy.



ARMA processes

The autocovariance function of an autoregressive process can be obtained very
easily. Assume that p = 2:

Tt = QTi_1 + Qoo + Uy (%)
We know that
Ty = U + Ajup_1 + Asuy_o + - - - (>I<>I<)

Multiplying both sides of (x) by x;_j = us_p + Ayus_p1+ -+, for k > 1, we
obtain
Ve = Q1Vk—1 + Q2Vk—2

(Yule-Walker equations) same as () apart from ;.



ARMA processes

The first two equations, for k = 1 and k = 2, are

Y1 = Q1Y T Q-1 = a7y + QoM
V2 = 171+ Qe

(recall that v_; = ~1). Multiplying by x;, and using (), we get ) = a17y1 +
QY9 + 0,3. Thus

Yo = Q171 + QoY + 0,3

Y1 = Q1Yo + e

Y2 = Q171+ QY
This system determines 7, 71 and 7, then 3 = o172 + oy, etc.



ARMA processes

Forp = 1, 2z = az;_1 + u; the equation is v = a7y, for k > 0. Using the
same trick as before we get

= o+ o
71 = Q%
Tk = Oék’Yo
This gives
2 2
o O

Uu
5 k=«

70:1—04

1l —«



ARMA processes

Forp = 1: , ,
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Autocovariance function for AR(1) processes: v = 0.9, blue line and o« = —0.9,
green line.




ARMA processes

Autocovariance function for AR(2) processes, with roots 0.9 and 0.7, blue line,
—0.9 and 0.7, green line:

ry = 1.6x4_1 — 63719 + Uy, ry = —0.22; 1 4 0.632_9 + uy,

respectively. (Compare with the graph of the moving-average coefficients.)



ARMA processes

Autocovariance function for AR(2) processes, with roots (0.9 (COS 27” + 2s1n 2{)
and its conjugate, for 7 = 24, blue line, 7 = 12, green line:

Iy — 1.74CCt_1 — .81£Ct_2 + Uy, Iy — 1-55$t—1 — .81£Ct_2 + U,

respectively. (Compare with the graph of the moving-average coefficients.)



ARMA processes

The stationary solution of
(1—aL—--—a,LP)2y =1+ 6L+ + B, LY, (%)

which is an autoregressive-moving-average equation, is called an ARMA(p,q).

leta(L)=1—ayL—---—a,LPand b(L) =14+ L+ -+ (3,L% The
solution of () is
zy = a(L) " 'b(L)u,

1. Assuming that the roots of a(L) lie outside of the unit circle,
a(L)"'0(L) = a(L)™" + fa(L) 'L+ -+ Bya(L) LY, (xx)
which clearly shows that a(L)1b(L)u;, is a one-sided moving average of 1.

2. (x%) also shows that the coefficients of a(L) 'b(L) decline geometrically at
rate |d1].



ARMA processes

Note that the roots of the polynomial 1 + 3L + - - - + (3,L9 play no role for the

moment. If the roots of a(L) lie outside of the unit circle, then the equation
a(L)z; = b(L)uy

has the solution a(L)~'b(L), which is a one-sided moving average, irrespective

of whether the roots of b(L) are outside, on or inside the unit circle.

For example,
;= (14+0.5L)u;, and y, = (14 2L)uy

are “equally” stationary. However, for reasons that will be discussed in the sequel
we usually assume that ARMA(p,q) processes fulfill the invertibility condition, i.e.
that the roots of b(L) lie outside of the unit circle.



ARMA processes

In conclusion, the stationary solution of
a(L)z; = b(L)uy,

where a(L) and b(L) fuffill the stability and the invertibility condition respectively,
meaning that their roots lie outside of the unit circle, is called an ARMA(p,q).



Long-memory processes
Now consider the moving average

1 1
T = U+ U1+ ZU—2+ -
t £ Ut 1 3 t—2
Is this moving average admissible? The answer is yes, because the sum of the

squared coefficients

11
L+ stogte

converges, although the sum of the coefficients

1+l ly
2 '3

does not.



Long-memory processes

This moving average cannot be produced as the stationary solution of an ARMA
equation. For, we know that solution of ARMA equations have coefficients that
converge to zero geometrically, as fast as \51\’“. In our case, the coefficients of
the moving average converge to zero arithmetically (this is the term used), and are
not even summable.

Remember that we already have examples of stationary processes that are not
moving averages of a white noise. Now we have an example of a process that is

a moving average of a white noise but is not an ARMA.
Given the moving average

o

Ty = D ajUi—j,

j=1
if the coefficients a,; tend to zero geometrically, like in the ARMA case, we say that
the process has short memory. If the series > a? is summable but > \aj\ is not
summable, like in the example above, we say that the process has long memory.
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